\

VA\
/) \

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

a
\

/,

y i
=\
(

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS

2

OF

3

A

OF

Downloaded from rsta.royalsocietypublishing.org

TRANSé(FZTIONS SOCIETY

PHILOSOPHICAL THE ROYAL

The Design of Coils for the Production of Strong Magnetic Fields
J. D. Cockcroft

Phil. Trans. R. Soc. Lond. A 1928 227, 317-343
doi: 10.1098/rsta.1928.0008

Email alerting service Receive free email alerts when new articles cite this article - sign up in the box at the top right-hand
corner of the article or click here

To subscribe to Phil. Trans. R. Soc. Lond. A go to: http://rsta.royalsocietypublishing.org/subscriptions

This journal is © 1928 The Royal Society


http://rsta.royalsocietypublishing.org/cgi/alerts/ctalert?alertType=citedby&addAlert=cited_by&saveAlert=no&cited_by_criteria_resid=roypta;227/647-658/317&return_type=article&return_url=http://rsta.royalsocietypublishing.org/content/227/647-658/317.full.pdf
http://rsta.royalsocietypublishing.org/subscriptions
http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

[ 317 ]

VIIL.  The Design of Couls for the Production of Strong Magnetic Fields.

By J. D. Cockcrorr, B.A., Clerk Maxwell Scholar.

L

< (Communicated by Sir Ernst RuTHERFORD, P.R.S.)
—
;5 > (Received February 9, 1928,—Read March 15, 1928.)
olm
35 . . .
= 1. P. Karrrza* has recently described a method of producing magnetic fields of the
E 8 order of half a million to a million gauss. The principle of the method is to pass an
=w enormous amount of power into a solenoidal coil for a fraction of a second, the current

being switched off from the coil before it has time to heat up seriously. Powers of
40,000 kilowatts are available for dissipation in the coil, and by this means magnetic
fields of the order of half a million gauss are attainable.

One of the most difficult problems of the work is to construct a satisfactory coil. When
the current in the coil is 30,000 amperes and the magnetic field 500,000 gauss, the electro-
dynamic forces on the strip of the coil are about 1:5 tons per centimetre length. It
is quite easy, therefore, to attain pressures of the order of 7000 kgms./sq. cm. in the
body of the coil, forces which are far beyond the elastic limit of ordinary copper. It
is necessary, therefore, to make a very careful study of the exact magnitude of the forces
and resulting pressure distribution in the coil and to determine carefully the type of
coil which will have the maximum strength. The second problem is to design the coil
so as not to exceed the safe temperature of the insulation used and to produce at the
same time the strongest magnetic field with the power available. This problem will
be discussed first.
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2. The Design of Coils for Maximum Efficiency.

/ \

= (@) The Magnetic Field produced by a Coil.—It was first shown by MAXWELL} that to
§ > obtain a coil of maximum efficiency we have to use coils of a section defined by the polar
@) : equation 72 = A sin 6, where 6 is the angle between the axis and the radius vector to
i 5 the point on the boundary of the section. We have at the same time to .increa,se the
T O section of the coil as we proceed outwards in winding. Both these requirements are
~w difficult to carry out when dealing with large powers, and we shall therefore assume in

the first place that coils of rectangular section are used, these being simplest to wind.
The method of determining the coil of maximum efficiency which is applied here was

* ¢ Roy. Sec. Proc.,” A, vol. 115, p. 658 (1927).
T ¢ Electricity and Magnetism,” vol. 2, p. 331, 2nd edition.
VOL. CCXXVII.—A 654. 2 U [Published May 31, 1928,
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318 J. D. COCKCROFT ON THE DESIGN OF COILS FOR

first suggested by Fasry.* The essential feature of the method is to plot the different
constants of the coil against two parameters defining the shape.

It is well known (GrAY, © Absolute Measurements,” 2nd edition, p. 216) that for this
type of coil the relation between the field produced and the constants of the coil is

a_b é | =4 etV ra) g

, 2¢ a + V(B + a?)

| . .

| l where @, and @, are the internal and external

T radii respectively, 2b is the axial length, N the

number of turns, ¢ the radial depth of winding.
The resistance of the coil is

—Cc—

8.

Fie. 1. R, = 27N2 (@, + @) p/4ben, . . . . (2)

where p is the specific resistance and A the space factor.
Substituting for N in (1) we find

B bR V¥, as + /(B2 4 ap?)
H"2\/(2n)'1{c(al—}-a2)p}lg’a1+\/(b2+“1)

If we now write a,/a, = «, bja, = B, the shape of the coil is defined by « and g and
the absolute dimensions solely by @, and we obtain

H=— V < i > G, « o (3)

where G, is a function of («, 8), varying only with the shape of the coil defined by

- 2
G._2<2Mlge“li\\//(“igz) .......... @)

To determine the relative efficiency of different types of coils we have therefore to
find numerical values of the efficiency factor G, over a range of « and ¢ from 0 to 20.
The results are given in the Gy curves of chart 1, curves of constant G; being plotted
against (x, ). The maximum value of G is 0-179. '

We may note in passing that since the power W dlss1pated in the coil is 2R, (3) may

be written
: Wal
H— <.._. Gos o e 5
/\/ alp) 1 : ()

u.€., the maximum field attainable varies as the square root of the rate of power dissipation

* . Eelairage Electrique > (Oct. 22, 1898).
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in the coil and inversely as the square root of the internal radius. It is necessary, therefore,
to make coils with a small internal radius.

(b) The Source of Power and the Power Dissipation in the Coil.—The source of power
used in the experiments is an alternating current generator constructed with several
modifications in design from the ordinary commercial alternator in order to obtain a
very large ratio of transient short circuit current to steady short circuit current. The
first half cycle of the short circuit current is then used to provide the current for the
experiment, and as the current drops to zero the machine is switched oﬁ from the coil
by an automatic switch.

If the E.M.F. of the machine on open. cn_"culb is given by e = (B, + E,) sin ot, then
if the machine is connected to a coil of self induction L, and resistance R, at the instant
of zero voltage, the current is given by (cf. Mies WALKER, ¢ Specification and Design
of Dynamo Electric Machinery,” p. 128)

E, 4+ E,e ™ (B, + E,)
V(R T o2l2) 1/( 2t tlF)

where R =R, +R,, L=L; + L, and ¢ = arc tan «L/R, L and R, being the effective
self induction and resistance of the generator on short circuit. The E.M.F. is produced
by two fields in the machine, E, being the E.M.F. of constant amplitude produced by
the resultant flux of the field coils and armature currents and E, being a transient E.M.F,
produced by the eddy current opposing the armature current in the poles of the machine.
Since the damping factor of the eddy current has only a small effect during the first half
cycle, we may write simply,

7= sm(cot——qb)—}—

sin ge~®L . (6)

. E :
@—\mﬁln(&)t qS)—!—

sin g™, . .. (1)

m)

this current satisfying the circuit equation
di D
L 7 +Ri = E sin ot

under the initial condition that ¢ = 0 when ¢ = 0.

To obtain the value of the maximum field produced by the current, we have to find the
value of the current at its maximum. For circuits of small resistance the influence of
the exponential would be small and we should have |

i = 2B
max. ~ ’\/(R2 “l"‘ Q)2L2) b

the familiar doubling phenomenén. In general, putting di/d¢ = 0 for a maximum, we

must have B
(60 ) ¢6—.RtmlL = COS (C')t—“(ﬁ) e » 8 © € 8 o s & & o (8)

2 U 2
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320 J. D. COCKCROFT ON THE DESIGN OF COILS FOR

to define £,, the moment of maximum current, giving

=B =B X
Ymax. = V(Rg _I__ msz) sm mtmax. sec ¢ - '\/(Rz + Q)2L2) f<R,), st (9)
the value of the maximum current varying with X/R, the function f(X/R) having
values from one to two as X/R goes from zero to infinity.
The magnetic field is, therefore, from (3), given by

=T +RE:);/ f peEs asl (}éﬁi{(zﬂ )G ). . . . (0)

In this equation X, and R, are not independent, X,/R, being a function of (x, 8), the
shape of the coil which it is necessary to determine.

From data given in Scientific Paper No. 455 of the “ Bureau of Standards ” we may
write for the self induction of a rectangular coil

2
L, = 2n2-(l7;|——6-°i)- @, N2«’ , 10™° henries,

k' being a tabulated function of ¢/(e, + @,) and bjc and therefore reduceable to a
function of («, B).
We have also from (2)
(14«
Ry = ¢ a j: oc; 2@21
so that ,
1%2; — ‘ilsi(ma — ). 1070 = 2%5 1070, « . e e (A)
where ¢, is a function of («, p) only.
We therefore tabulate ¢, as a function of («, 8) and plot curves of constant ¢, on chart 1.
(¢) The Choice of Resistance for Maximum Field—The field is given by equation (10), in
which R, is the only variable at our disposal. R, and X, are fixed constants of the
machine, the relation between X, and R, is fixed by (A), @, the internal radius is fixed
by experimental conditions, and « and B are to be supposed fixed by the heating of the
coil, which will be discussed later. '
For a maximum, therefore, we write dH/dR, =0, and if Z be the total impedance
we have

Re 4+ X2 =R + X2 42 {1 + (?-‘-ﬂ>} (X,R, — X,R

1
R, + R, ()

yi o
VfOXR)
The quantity f’/f can be determined numerically, and it is therefore possible to find
the value of R, to give the maximum field from (11). In actual practice the effect of the
last term on the maximum is small, the maximum being very flat, and we get a value of
R, giving very nearly the maximum field by neglecting the last term, which amounts
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to a neglect of the damping of the transient term and obtain, therefore, that the impedance
of the machine has to equal the impedance of the coil.
So that :
Ry =727,/ {14 42 (2p)}}, when X,/R,=¢(xB) . . . . .. (B)
is the condition we use in practice for determining R,.

As an example of the effect of the neglect of the last term in (11) we may take the case
of a coil in which « =6, 8 =6. Using (B) we find, taking values of R, and Xl,
2-53.1072 and 5-08 . 102 respectively, the actual values for the machine,

R, =3-3.1072, X, =4-62.10"2

and (v/R,/Z) f (X/R) = 1915, this being‘proportional to the field from (10).

If we take two other neighbouring values of R,, 3'0.1072 and 4'0 . 1072, we find values
for (4v/R,/Z) f (X/R) of 1-90 and 1-875 respectively, and for intermediate values of R,
figures for (4/R,/Z) f (X/R) differing from 1-915 by amounts negligible in the practical
coil. For a coil for which « = 16 and 8 = 8, the resistance from (B) is 74 . 102 ohms,
but variations in this figure between the limits 65 . 1073 and 1-2 . 1072 produce variations
in the field not greater than 1 per cent. at any point, the actual maximum being
at a resistance of 9.107% ohms with an increase in the field of 0-7 per cent. over that
corresponding to the resistance chosen from (B).

(d) The Effect of the Deviation of the Wave Form from the Sinusoidal Form.—In actual
fact the wave of electromotive force of the machine on open circuit is not sinusoidal, the
armature windings and field form being arranged to give a wave which is, neglecting high
frequency tooth ripples, trapezoidal in form, being illustrated in fig. 2.

8

L
- N B

F1e. 2.

From ¢ =0 to { = «/w the E.M.F. rises linearly to a maximum value E_, thence
remains constant to ¢ = (r — «)/w, and after this dropslinearly to — E,, at t = (n +a)/w.
- The circuit equation may be written, putting «wt = 0,

Lo dif/d6 + Ri = K 6/a,

subject to the initial condition that ¢ = 0 for 6 = 0.
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The solution is, therefore,

. E6 , EX, _
’b:m—l"mé(ek'a/x—l) OSGEOC

s e e e e (12)
=B B ey <0 r )

with similar expressions for 6 > (r — «), and by differentiation we find that the maximum
value of the current is given by

Where Omax. 18 defined by RO, /X = e®aiX - gMX ],
In fig. 3 numerical values of (t — .0 )/x or F (X/R) are plotted as a function of X/R
for « = . '

i0

0.9

0.8

07

0.6

0.5

0.5

02

"ol Dp—

Lo 2.0 % 50 4.0 5.
T 3.

The field at the maximum is therefore, from (8), given by

H=E—qE_—-R—2-\/R2F(}R§),\/<£—p>GP ........ ™)
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To find the value of R, giving the maximum field we should therefore proceed by
differentiation of (D). Actually, however, since the fundamental harmonic term in the
wave form is predominant, and since the maximum obtained by the method of section. (c)
is so very flat, we may use condition (B) in practice to choose R, without effecting the
value of the maximum field attained by 1 per cent. As an example of this the resistance
chosen by (B) for « =6, § = 61is 33 . 10~? ohms. The relative values of field obtained
from (D) for different values of R, near this figure are given in Table I.

TasLe 1.
R l 3:3.10-2 ' 3:0.102 2:5.102 ‘ 2:0.10-2 ] 4-0.10-2
Tield I 1-000 ’ 1-000 ‘ 1-000 [ 0-985 ’ 0-990

We therefore use (D) to calculate the maximum of the field, using (B) to determine R.,.

(€) The Heating of the Coil.—If we were not limited by the heating of the coil, it is
clear from (5) that there would beno limit to the field attainable, apart from limits set
by the electrodynamical forces on the coil. Previous schemes for producing strong
magnetic fields have therefore involved using liquid air as a cooling agent to limit the
temperature rise produced. In the present experiments the temperature rise is limited
by only allowing the current to flow in the coil for about §yth of a second, but even
in this short time, with powers of 40,000 kw. dissipated in the coil, temperature rises of
150° are attained, and although the insulation of the coil is mica and bakelite, it is
inadvisable to proceed beyond this limit.

The temperature rise is given by

3T = {Oz 2R, dt / (V X density X specific heat), . . . . . . . (E)

the current flowing in the coil from 0 to v and the copper volume of the coil being
denoted by V. During the short time of heating the dissipation of heat will be negligible.
The copper volume is given by

Ve=2ma2 (@ —1)B.A=a3\V,, . « . « .. ... (F)

where V, is a function of («, ) plotted on chart 1, in the form of curves of constant V;.
To determine the temperature rise, we have now to know only the value of the integral

J e

This ihtegra,l cannot be calculated simply, for R, is a function of ¢ determined by the
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324 J. D. COCKCROFT ON THE DESIGN OF COILS FOR.

power input to the coil, varying by 50 per cent. during the passage of the current. We
do not, however, require to know the temperature rise accurately, and it will be sufficient
to take a mean value of R,. Taking the values of 7 given by (12), we find if 6, is the angle

of zero current
(™. 1 (0 E2
& oR, dt — EL "Ry d0 = £ R, (X/R).

When X/R > 17, 6, > 4, and the function ¢ (X/R) is given by

¢(X/R) = %{%— -+ log. o% (1—e—e¥+ 64”)} -+ 27}‘2(—;3 (4 — de=% — 2% |- 26~4)
3X2 y
—_ o@ — 20!, . . ((J')

where y = Ra/X. For X/R < 1-7 a more complex expression is obtained.

The function §(X/R) is plotted in fig. 3 and enables the power dissipated in the coil
to be determined sufficiently approximately for the purposes of coil design. When a
coil has actually been selected, its temperature rise may be estimated more accurately
by the use of an integraph which is available, or by numerical integration, R, being first
determined as a function of ¢ and the resulting values used for the determination of
{#Rz dt by the integraph.

(f) The Use of the Chart for the Design of Coils.—The use of figures similar to chart 1
for coil design, was first suggested by FaBry (loc. ¢it.), the curves giving the time constant
being added in our chart, since we are dealing with alternating current. We first select
by approximate calculation from the power available in the experiment a copper volume
which will give the temperature rise allowable. This corresponds to a particular volume
curve V, on chart I. Since all points on this curve have the same volume, we take a
point on the curve which intersects the Gy curve of greatest value, since this will give
the largest field for a given power dissipation. Thus, if we work on the curve V, = 1000,
we take o = 64, p =3-8. We now determine ¢ («, ), the ratio of X;/R, from the
$, curves of the chart and then choose R, from the relation (B). We now find the power
dissipation in the coil from (G) and estimate the temperature rise from (E). If this is
too large, we proceed to a larger volume curve and repeat the process; if too small, to
a smaller volume curve. In this way, by a process of trial and error, the coil to give the
maximum field with a given temperature rise is found. The actual value of the field
to be expected is obtained from (D).

The value of the maximum field varies very much with the temperature rise allowed.
An increase in allowable temperature means a smaller and consequently more efficient
coil together with an increase in maximum current for a given applied voltage, since
the time factor of the coil is reduced. The maximum field can also be appreciably
increased by using a smaller internal radius, but this, of course, increases the experimental
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difficulties. The effect of these two factors is shown in fig. 4, where the maximum field
obtainable from the generator at full excitation is plotted as a function of allowable
temperature rise and internal radius.

600
P
y

c,V“S
_o®
B’\
500

Hmax
K|!ogauss .
E= 2000
/ W= 314

400 -
: R =255 10°n
X =5.08 1070

300

100 §TC 200 ' 300
Fic. 4. ’

The effect of an increase in the power available can be investigated in a similar manner.
If we did not have to consider the heating of the coil, then the maximum field would
vary as the square root of the power available for dissipation in the coil. Actually,
however, unless we use shorter times for the experiment or have resort to such devices
as cooling the coil by liquid air, the coil will have to be made larger as we increase the
power, and the resultant loss of efficiency so reduces the maximum field that an increase
of power by a factor of 16 would be necessary to double the field. If we assume that
an increase of power is obtained simply by a linear increase of the K.M.F. and impedance
of the machine, then the value of the maximum field as a function of this E.M.F. is given
in fig. 5. The result would not be much changed if the power increase were obtained
by a decrease in impedance of the machine rather than an increase in voltage.

The effect of cooling the coil to liquid air temperature before an experiment would
be first to increase the heat capacity for a given volume and so enable a smaller and
more efficient coil to be used. Secondly, it would enable a coil with a greater number
of turns and smaller wire section to be used since the mean resistivity would be lower,
although for low temperatures and strong fields the increase of resistance of copper
due to the field is appreciable. If the calculations are made it is found that by the
use of a litre of liquid air the field attainable can be increased between thirty and
forty per cent. The experimental difficulties attending its use would, however, be
considerable due to the explosive character of the release of adsorbed gases from
the coil.
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(8) The Forces on the Coil. (Fig. 6.)

Since we have at most points in the coil radial and axial magnetic fields, we have two
sets of electrodynamical forces to consider—the axial compressive forces A and the

el [«

Tr’zo rz T
—] B B A
al |

Ennmw
—_— B B A
A A
TRT T
Fic. 6.

radial bursting forces B. In addition, we have the circumferential forqg§ C due to the
reinforcement. : R

A rough estimate of the magnitude of these forces shows that the pressures inside t}%e
copper of the coil may amount easily to 7000 kgms. per sq. cm. ; far beyond the elastic
limit of ordinary copper, the effect of these forces being shown by the bursting of the
first coil, which was reinforced round its outside edge simply by a wooden frame. It
is not very difficult to prevent the coil from bursting by supplying reinforcing forces R

2x2
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from a steel ribbon wound round the coil, but this in itself will not make a stable coil,
since the copper will simply flow to the side under the forces B if not prevented by the
forces A. If, on the other hand, we could reduce all the forces in the coil to a uniform
hydrostatic pressure, then it is most likely that the coil would be stable. For this to
occur we must have the principal stresses, due to A, B and C, equal at all points in the
cross section. The problem, therefore, is to find a coil whose cross section has such a
shape that the principal stresses in the material are as nearly equal as possible at all
points.

The simplest way of deriving the forces was suggested by P. Kapirza (loc. cit.). If
M be the mutual inductance of the whole coil and a single turn in the section of the coil,
then if ¢ be the current density in the body of the coil and D the number of turns per
unit sectional area of the coil, the radial and axial forces acting on an element of section
dr, dz are '

2 oM
p = m —é-’}’T drdz . . . . . . . . . . ... (].3)
2 oM
Fz = 'é;r—/rfﬁ o dy dz. ............ (14:)

If, then, P, and P, are the stresses in the radial and axial directions, and P, the cir-
cumferential stress, we have

2 oy —p, = M
or (rPy) — Py = onD) or ’

oP, @ oM

T R (15)

For P, = P, = P,, the first equation of (15) becomes

or 2nD r or

so that for the two equations to hold together
d (_1_ oM\ __ 2 <’1 aM")

2\r or/ o
or

which is impossible.

It is therefore impossible to reduce the forces to a uniform hydrostatic pressure. If,
however, we neglect the forces C due to the reinforcement, probably the most stable
condition will be when we have P, = P, at all points in the cross section.  There will
then be the least tendency for the copper to flow in the radial and axial directions,
whilst in the circumferential direction it will be prevented by the symmetry of the
forces.
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Neglecting P, in (15) we may integrate directly so that

72
Pr = m {M ("', Z) —M (”’07 z)}

("'3 z) —M (’i”, zo)}

-2

since the forces are zero at the inside cylindrical surface of the coil and on the end planes.

Thus for P, = P, we must have M (ry, 2) = M (, 2, for all  and ¢, ¢.e., the M function
must have a constant value over the inside surface of the coil, and we have to find a coil
of such a shape that this is satisfied.

The determination of the exact shape of such a coil would be very laborious, and in
practice we can only wind coils whose section is composed of a number of steps, as in
fig. 8, so that we have first to find a method of finding the mutual inductance of such a

Fie. 7.

stepped coil and one turn on the inner surface, and then, by changing the dimensions of

the steps, find a coil in which, at any rate, P, — P, is small.

The method adopted is first to calculate and tabulate the function M for a solid coil
and a single turn'in its end plane (fig. 7) for different coil shapes and for all positions of
the end turn. We may then obtain the function for any stepped coil by simple addition
and subtraction of values obtained from the tables.

BurterworTE* developed a method for calculating the coefficients of mutual induc-
tion of two solid coils, which is applicable, with modifications, to our problems.

We first calculate the coefficient of mutual induction for a semi-infinite solid coil of
radius 7 and a coaxial circle of radius p distant z from the end plane of the solid coil.
If Q be the magnetic potential due to either the coil or ring, then it satisfies the equation

?Q | 10Q | 0*Q
Er R
of which a solution is

Q= j: 6 (2) T, (W) dn.

* “ Phil. Mag.,” vol. 29, p. 578 (1915).
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If we write ¢ for the flux of induction through a circle of radius r, then

— o[, 02
¢ - anny 0z dy’

and by expressing in terms of the magnetic potential along the axis, BUTTERWORTH

showed that

¢ = ———M‘zn;}w (— 1)

n=20

1 82n+1 QO

2 Wl e

(17)

where Q, is the potential along the axis. The linkages of the field derived from Q
with a semi-infinite solid coil of radius » and D turns per square cm. are then

N — u: 6D drdz

=D ¥ )

1 /a2n+lgo>w

o 2™ 2n+3n! (n-4 1)1\ o™

Q_ 220, o

(18)

L= ‘n:D?”?’[

20, v %0, ]
13 40 02 | 1344

ozt 82,944 028

- Since we are considering the mutual inductance of a solid coil and circle, we take for

Q, the magnetic potential of a single turn

Qp = 271:{1 —

..... C L (19)
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Writinng_, = 4/(1 + #22/¢?) we have now for z small

1320, ~ 13
on 022 o E8’ te.,
so that ,
N _1 2z 3 ™ (M5 _ o0
207D 3 3pf 40¢2 pEd 1344 o3\ & £
L% (10395 11340 +252())
82,944 o7\ £18 £ £e
__ 63r% (_7_1§__1144+_5_2_8__§§_Q>
180,224 o° \ £17 £1s £13 g
1% (20,995 44,200 | 31,200 _ 8330 | 640
—2:71.10- 5911( D + g7 gis FE15>' (20)

This expansion is valid for z < 2 and r/p < 1. _ _
For large values of z we expand Q, in powers of 1/z and differentiate term by term
and obtain

N __ 1&*1&< >.__ 9 §ﬁ>
oD 62 848 T3 +48”"< +59"+’79“

B gy e 1)

213—<1+6§+-6-9T§+107f+3£->+,... .. @D

T 556 210 7Tt 3 11

This expa,nsion is valid for all values of z greater than 2 and r/p =1. Forrfp =1
we require different expansions.
We use (17) for the flux through the circle of radius ¢, glvmg

N 22)

2n 1 62n+1Q
T e 2 — 0
bt T 1)()%,(%+),az2n+1_.

and use for Q, the magnetic potential due to the semi-infinite coil the end plane of which
is at a distance z from the circle.
This is clearly given by

gﬁﬂqxﬁmwTrﬂD@%..”..k(m

:mzp{i“ilo 1+C+C } ....... Ce. (29
if we take { = /(1 + 22/r2),
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For large z we expand the integrand in (23) in inverse powers of z and integrate term
by term and obtain

~ .8/ = 2 4
857 (L pRe ey g

11228 7 72 51 78,

63 710/ 110 p* | 220 p 22 o8
-2 (1= 2 == ... .. 25
L 2816 zl"( 1 9 2 ' 7T + + 3 1'8) (25)

This expansion is valid for z > 3, o/r = 1.
For ¢ = z = 3 we obtain d*"* Q,/dz*"** directly from (24).
We can write

Qo = Q 4 Q,,
where
Q, ==D[22logr (1 +¢) + 2 —2z]  and Q, = — nDz? log 2.
Then
— __];_..892 — 5 Py 1
2D oz = zlogz+ iz,
1 a0,  2n — 2!
- Orl) Qzin+l _ -1 n > 2’
— A9 Foe (1R 0) + 1), et
2nrD 2 7
so that
SR S PO e il N ___L%_Pf{_l_ 315 1 |
D log ==~ 557 12 T tET T T A
1 208 (315 245 ;_g 3 1, 1 2 }
3072 17 {cn & + Fc.(l —M)2+2;.(1+_2;)3

26% (45045 _ 58905 _1_18585__525 75
'779—1 g1 - g &8 ¢ C7

15 15, 15 30 30 }
R Ry T T (1+t:)3“’§(1—! o)

Lt {1—_9 +0094——0044 +0023p
96 123

+4-06.107°¢

10 ‘
+;0-008-;-1—2—-0-'013§ﬁ,+0-008§ﬁ...}. L. (26)

This series is valid for p =z=3, p/r <1. It converges rather slowly for p /r=1 and
z small. '
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For z < p, the last bracketed term in (26) ceases to converge. This term is derived
from the successive derivatives of Q,, and we must therefore employ another method
of calculating the linkages due to Q,.

BurrtErworTH’S method is applied to find these linkages.

The linkages due to an axial distribution of poles extending from z =10 to z2 =¢
with density — nz2D is found. The potential due to these poles at — 2 is

R
Qs_DL (z—|—w)dw

= D {— =22 log z + =22 log (¢ + 2) — ez + $nc?}
=Q, + Q,
If, now, we denote the linkages due to Q,, Qg, etc., by N, N;, we have
| Ng=NoFNp oo e 27)
N, is calculated by applying (22), and if ¢ is very large we find
N, = n2D {rc — 2nz log (¢ -—|~ 72 ) T (28)

If, then, we can calculate N3 by a direct integration, N, can be found. Since the
flux through a circle of radius p due to a magnetic pole on the axis at distance y is

2n [1 — y/(e® + »2)*], we have
Y L

4

. .
ek |
= — 2n2p% log g—(—c—:-;z—) + 2n2p?z -+ npc

—2n [32 + (30* — 32) V(e* + ) — 2 log {(z + V& + ) [e}].  (29)
Thus :
N, = N; — Ny = — 2n?D¢?z log (2/p) + 2n2De*

o — 2D [+ (B — 3 V(e* +2) — 20 log {(z + Ve ) [e}].  (30)

We‘therefore have in place of (26)

zjl 02(1+C)}+%ZP< 1 Jr1>

2n2 27‘D of TI1T¢

BB et

the terms A and B being the same as in (26).

This series is valid for z < p < 1.

From the five series given by (20), (21), (25), (26), (31) numerical values of N to cover
the range likely to be required were calculated.

VOL. CCOXXVIL—A. 2v
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The figures obtained refer to the mutual inductance between a semi-infinite solid coil
and a circle at distance z. If from this we subtract the mutual inductance of a system
having the same radii but for which z = 0, we are left with the mutual induction of a
solid coil of length z and a circle in the plane of the end face. This has been carried out
and the final results are given in Tables Il and III. For z/r = 0-5 and 0-25 and values
of p/r =1 the convergence of the series used is slow and results cannot be obtained with
an accuracy greater than one or two parts in a thousand. The figures given in the
table for p/r = 1 obtained by the two series differ by this order. From these tables,

TaBLE II.—Mutual Inductance of Solid Coil and Circle in End Plane.

M/2n*°D.
e/r zlr 10 6 4 3 2 1 0-5 0-25
|
1-0 0-33333 | 0:33169 | 0:32886 | 0:32362 | 0:31689 | 0:-30063 | 0-24825 | 0:1737 0-1065
0-9 0-32400 | 0:32266 | 0:-32036 | 0-316071| 0-31051 | 0-29685 | 0-25095 | 0-1821 0-1174
0-8 0-29867 | 0-29762 | 0-29579 | 0-29236 | 0-28788 | 0-27673 | 0-23781 | 0-1762 0-1130
0-7 0:21633 | 0:26052 | 0-25911 | 0:-25647 | 0-25299 | 0-24418 | 0-21241 | 0:1595 0-1030
0:6 0-21600 | 0:21540 | 0:21437 | 0-21241 | 0:20980 | 0-20317 | 0-17845 | 0-13549 | 0-08804
05 0-16666 | 0-16625 | 0-16552 | 0-16416 | 0-16233 | 0-15761 | 0-13957 | 0-10706 | 0-07007
0-4 0-11733 | 0-11707 | 0-11660 | 0-11572 | 0-11454 | 0-11146 | 0:09943 | 0-07706 | 0-05098
0-3 0-07200 | 0-07186 | 0-07159 | 0-07109 | 0-07042 | 0-06866 | 0-06167 | 0-04835 | 0-03245
0-2 0-034666| 0-03460 | 0-03448 | 0:03426 | 0-03396 | 0-03317 | 0-02998 | 0-02381 | 0-016306
0-1 0:009333| 0:009316| 0:009288| 0:009230| 0:009157| 0-008958| 0-008151| 0-006569| 0-004615
|
TABLE III.—Mutual Inductance of Solid Coil and Circle in End Plane.
M /2=%°D.
o/r 2fe © 10 i 4 3 2 1 0-5 0-25
10 0-33333 0-33168 032338 0-31623 0-:29814 0-:23583 0-14928 008101
9 0-33333 0-33168 0-32338 0-:31623 0-29814 0-23586 0-14933 0-08105
8 0:33333 0-33168 0-32338 0-31623 0-29814 0-23590 0-14940 0-08110
7 0-:33333 0-:33168 032338 0-:31624 029815 023597 0-14950 0-08118
6 0-33333 0-33168 032338 0-31625 0-29818 023606 0-14966 0-08130
5-5 0-33333 0-33168 0-32339 0-31625 0-29820 0-23614 0-14978 008138
50 0-33333 0-:33168 0-32339 0-31626 0-:29822 0-23623 0-14994 0-08149
4-5 0:33333 0-33168 0:32339 0:31626 029824 0:23635 015014 0-08165
4.0 0-33333 033168 0:32339 0-31627 0-29829 0-23654 0-15043 0-08188
35 0-:33333 0-33168 0:32340 0-31628 0-29834 0-23677 0-15084 0-:08220
3-0 0-33333 0-33168 032340 0-31630 029843 0-23717 0-15150 0-08271
25 0-33333 0-33168 0-32342 0-31634 0-:29856 0-23781 0-15260 | 0-08358
2-0 0-33333 033169 0-32344 0-31640 029880 0-23898 0-15468 0:08528
15 0-33333 0-33169 0-32348 0-31653 0-29930 0-24149 0-15943 0:08940
1-0 0:33333 033169 032362 0-31690 0-30062 0-24821 0-1740 0-1067

p = circle diameter. r = coil diameter. z = coil axial length.

charts II, III, IV and V were plotted. Charts II and III give the mutual inductance
of a solid coil and a circle in the plane of the end, the circle radius being less than the coil
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radius. The charts give the variation of M with g /r for six values of z/r up to 4 and the
variation with z/r for ten values of p/r from 0-1 to 1-0. Charts IV and V give the
mutual inductance of a solid coil and circle in the plane of the end face, the circle radius
being larger than the coil radius. The charts give the variation of M for values of p/r
from 1 to 10 and values of z/p from 0-25 to 10. The four charts should enable values
of M to be obtained in general with an accuracy of at least one per cent.

(¢) The Application of the Charts to the Calculation of the Forces on Coils.—We first
consider a rectangular coil of internal radius @, and external radius a, and length 2b.
To determine completely the distribution of stress in the section of the coil, we need to
know M at all points in the coil. If, now, we calculate M for a number of values of r/a,
from 1 to a,/a, on a number of planes A, B, C (fig. 1), then we can draw curves of constant
M for the coil section.

For points in the plane A we subtract values of M due to a solid coil of radius @, and
length 2b from the values for a solid coil of radius a, and length 25, or

M(r, A) = M <; 2b) , M,(r 26>,

Qg Ay Gy

M and M’ being obtained from the charts for which p/r <1 and > 1 respectively.
For the plane B we add the figures for coils of length b and $b and radius @, and subtract
the figures for the corresponding coils of radius ay, so that
/(r 3b°
M <a1 > 2a, ) '

M(r, B) = <a. —-—>+M<T 3b) Wi, b)_

2 U2 2&2 \a1 2a,
Similarly for the plane C we have

M (r, C)_2M<— -”-)sz'< b,

Ay "y

-For any other planes we proceed in a similar manner.
The resulting M curves, giving, of course, the lines of force of the coil, are given in fig. 8
for the first coil actually built.
From (16) we have for the stresses at any point

P, = g-g {M(r, z) — M (1o, z)}l
Pz=§-i—3,{M (r, 2) — M (r, 20)} J

I being the total current in the strip measured in absolute units. The first coil used had
9-25 turns per sq. cm. For a current of 30,000 amperes we have, therefore,

P=12252 (B;[ D) kgms. [sq. cm.
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Thus the radial compressive force at the point A whose radius is 2-8 cm. is
122-5 (130 — 11)/2-8 kgms./sq. em. = 5200 kgms./sq. cm., or approximately 33 tons
per 8q. inch. Since P, is here zero, the shearing force will be equal to P,. At the point C

we have
P, = 8800 kgms./sq. cm. P, = 3800 kgms./sq. cm.,

so that the maximum shearing force P, — P, = 5000 kgms. /sq. cm.

We see that along the inside surface of the coil M varies from 19 to 130, so that we are
far from fulfilling our condition for minimum shearing force. We therefore proceed to
determine the effect of a single step in the coil, the section chosen being illustrated in
fig. 8.

For points in the end plane A we take the M for the solid coil and subtract the M’s for
the section DENP, FGMN, HKLM, so that

M(r, A) =M (L, Q—b)—M'<l, i)

Gy Oy as’ asy

e (e nz)

as’ ag as’  ag

el B w(e. 2]
L ay ay Gy Oy .

By a similar process of addition and subtraction we obtain the M’s for points in the planes
of B and C and so construct the M curves for the stepped coil.

These curves are given in fig. 8 and show clearly the effect of the step in reducing the
maximum shearing stresses in the coil. For the point A the AM is now 60 as compared
with 119 without the step, so that the shearing stress is halved and is now only 2600
kgms./sq. cm. The shearing stress for the point C corresponding to an M difference of
102 is now 4400 kgms. /sq. cm., so that little reduction has been effected for this point.
It is necessary, therefore, to make a further step in the coil to reduce the M values in, the
plane of the end. If the step is made by adding the sections RST, R’S"T”, then the
effect on the M values for C and 0 is negligible and the value of M/D at R is now 88,
giving an M difference for the point C of 69 and a shearing stress of 3000 kgms. /sq. cm.

It is clear that in this way we can by trial and error very rapidly fix on a coil with a
suitable section, bearing in mind, of course, the difficulties of winding a coil with too many
steps in the section, and that these alterations mean a reduction in the efficiency of the
coil.

4. An Ezample of the Design of a Coil.

From the preceding section it will be clear that the design of a coil is a compromise
‘between different requirements. We are given a definite impressed electromotive force
and circuit constants of the generator and have to produce a coil which will give the
strongest possible field without a rise in temperature of its material greater than some
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definite figure. We have at the same time to select such a section for the coil as to
reduce the shearing forces in the copper to a minimum. Unfortunately, a change in section
giving a decrease in shearing forces means a reduction in the field attainable, so that
these opposing factors have to, be balanced one against the other, the final decision
depending on one’s judgment as to how far the material may be safely stressed, the
breaking strength of the cadmium-copper alloy used being 7000 kgm./sq. cm. under
tension. The process of design will, it is thought, be clarified if an actual example is
given.
We take the following constants of the machine.

E = 2000,

© = 314,

R, = 2-53.107% ohms,
X, = 5-08.107%

The fixed coil constants are

Internal radius @, = 05 cm.,
Temperature rise 3T = 160° C.,

Space factor - A= 0-8,

Mean resistivity o = 2-4.107° ohms/om?.

From E and G the first approximation to the volume is made

___7'cE "1
V= R232c< )3_5.” e e e e e (32)

For the first approximation we take R, = R,, X; = X, so that X/R = 2, and from
fig. 3 £ (2) = 0-20 and V = 141 c.c.
From F, V; = V/a21 = 1410.

We now choose from chart I a point lying on the volume curve 1410, which has a
maximum efficiency factor, and take o« = 7-2, 8 = 4-2. The temperature rise for this
volume is now calculated, using the correct values of X, and R,.

From (A) X

2 __ 0’“1 -9
R e %
From chart I ¢, = 63, so that X,/R, = 1-65.
From (B)
R, — R 4 X2
V(1 -+ X2 /R?)
X, =4:83.1072Q,

=293.1072Q,

so that X/R = 1-81 and from fig. 3 ¢ (X/R) = 0-22.
VOL. CCXXVIL.—A. 27
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~ Using E and G again the temperature rise for this coil is
3T = 175°.

The allowable temperature rise was 160°C., so that we now increase the volume in
the ratio 175/160 and try a coil with a volume of 150 c.c. Using E we therefore select
the volume curve 1500 on chart I and choose the point « =7, 8 = 5 as the point of
greatest efficiency.

The temperature rise is now recalculated.. Using A, since ¢, = 65, X,/R, =1-7.
From B, R, =2-87.1077Q, X, — 4-88.107 and X/R = 1-85, {(X/R) =0-217, and
from E and G 8T = 162.

The coil of external radius 3-5 cm. and axial length of 5-0 em. therefore satisfies our
Tequirements.

Maximum Field.—From D we find the value of the maximum field to be

= v 30/

From Fig. 3 F (1-84) = 0-614 and from chart I, G; = 0-152, so that H = 480,000.
. . 4berR
Wire Section.—From (2) we have N = M <—————————2——> = 107.
@) 2rcp (@) + o,
Therefore section = 112 sq. mm.
Turns/sq. cm. = D = 7-13. ‘
Stresses—TFrom H we have for the radial and axial stresses at the point C (fig. 1)

_EDM, M)

" Oma,\D D
_ DM M,
P’_Q‘mag(D D>'

Using the charts as described we find

MA/D _ 235,
Mc/D == 352,
MD/D == 26.

_ B , Xy .
From C, I‘_EF(_‘,— andFkR—/ = 0-614, so that
I = 2270 (absolute units).

Thus ' P, = 3980 kgms./sq. cm.,
P, = 1430 kgms. /sq. cm.,

and shearing force = P, — P, = 2550 kgms./sq. cm.
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Alternatwe Coil with Lower Stresses—To reduce the shearing stresses we obviously
Tequire a coil with a greater axial length and smaller radial depth, keeping approximately
the same volume. From chart I, bearing in mind that points along the volume curve
in the direction of increasing length have a smaller X/R and consequently greater heating,
we select a point « = 6, 8 = 7-2, with a volume of 160 c.c. ‘

For this coil we find 8T = 160° C.

H = 458,000.
I = 22,400 amps.
D = 7-58.

P, — P, = 2150 kgms./sq. cm.

The maximum shearing stress is thus reduced by 16 per cent. and the maximum field
by 45 per cent.

The effect of making a step in the coil section has already been described and will
not be worked out here.

I have in conclusion to thank Sir ErNEsT RUTHERFORD for his interest in the work
and Dr. P. Kaprrrza for many valuable suggestions. My thanks are also due to Mr. E.
LAurMANN for his laborious work in tracing the curves in the charts for reproduction.
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